Lecture 16 - Langevin Algorithm
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Langevin Dynamics

EX 1 (Langevin Dynamics)
BEB BRI (potential) V(x), Langevin Dynamics2 a0 AR BISDE

dX, = —VV(X,)dt + v2dB. (1)

HE—M#R <z A Langevin Diffusion.

Langevin # 8IM%E KT A
Lipf=-VV . -Vf+Af
T HIHEREA

Lipg=V-(gVV)+ Ag
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Langevin Dynamics

Kolmogorov backward5#2:

0

atptf(w) =LipPif(r) = -VV(x) VP f(x) + AP f(z)

Fokker-Planck /5 #%:
Oupl 1) = Lipu(e,t) = V - (ula, )TV (@) + g, )

ArEn 1

&

Langevin 8% dX, = —VV (X,)dt + v2dB; BIRZENE K

dr(z) x eV @dx
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Langevin Algorithm

E X 2 (Langevin Algorithm)
%t Langevin3 8 Euler-Maruyama 2S84k :

Xr1yn = Xen — hVV (Xen) + V2(Bes1yn — Brn)-

A58 T —FhLangevind BIBISEE /AN, #RH(Unadjusted) Langevin Algorithm,
ULA/Langevin Monte Carlo, LMC. HhR2IER LI, kRIERH.
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Metropolis-adjusted Langevin Algorithm (MALA)

AR-FATEEEL{k, Langevin Monte Carlo5Langevin DynamicsAEB—2, Langevin
Monte CarloB) 2N L T BEBIRDH. —MRATLUET MetropolisiHEERIERAE 5
BRI

Metropolis-Hastings H;%
O EFEVNEKT zoo
QO XfFE/—$En=12,...,N:
o WIS q(2'|wn—1) PERIZRERE 2.

o ITEIEZHER: @l )
. m(x")q(xn—1|T
ammm <1’ w(mn_nq(z'm_l))

o LMEE o BRERIERT o/, BUWRFFKTS zn_1.
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Metropolis-adjusted Langevin Algorithm (MALA)

MALA

@ Proposal step: same as in ULA
Ziy1 = X — hVV(Xg) + V2hE,
@ Accept-reject step: go to

b (X)) Pxy, (Zry1)

Xk with the remaining probability.
EBRIREX,, BUAWR—IER Xy - hVV(Xy), HFEA 2k, KIS, BHE

Z P X
Ziy1  with probabilitymin{l TPz ( ’“>}

Xi41 =

WHRHERARER
- = (= ATV
P.(x) = - Qh)% exp ( m > .
EZHEBAEFREARE:

min {l,exp <—V(z) — ﬁ |z — (z — hVV(z))Hg +V(z)+ ﬁ |z = (z — hVV(x))Hg) }

v
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BaT®

TE M 3 (Wasserstein distance)
1% 22N BE 1 FN L 22 [B] B9 2- Wasserstein DistancelE X :
3
W)=t ([l slstanan) @)
vEC(1,v)

BEAC(u, v) RuFvBIFEE (CouplingsHREIZE 8], || - || 2ERNTEH.

EIE 1
B{X I AMEAXo ~ po, RO AL < eV KLangeviniT 8, 18
& ua-i#log-concaveltd, B4

W3 (pe, 1) < exp(—2at)W3 (o, ).
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BaT®

ERE 2
MF k€N, Buen ALMCHIBISEKCER DM, h > 0RERIK. REGZSHA
poce™, R ala < VPV < Bl MR b S 5, BAMTFHRE NN,

Nh d1/2h1/2
Wa(pnn, i) < exp (—QT) Wa(po, 1) + O (ﬂT) .

MR h=0(<), BAXTFEE c € [0,Vd], &

52

Brd

2

N O(nQd log \/5W2(N07M))
€ €

BIERZE, B vaWa(unn,p) <e.
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Langevin 3% RBTSTHE 534

Proof sketch!

_7:_{6’:"“““‘;._ T What we whnt to bound

for time

h
Ken
m Xiksn)n

for time
h

o TTHULAFLDZ [Bf— LAt EEHLIRE ;
o BILDEW-EE THIEHESRM S HZLENRIRE.

https://chewisinho.github.io/main.pdf Sec.4.1
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FERER I E

BAFENDHERBIRD Ylog-concavity, ZERAFRNFEALURTEX—RIL.

E X 4 (Log-Sobolev inequality)
Ui Ea Log-Sobolev inequality, TRIFFE, [¢°] < coBINXIFE g : R™ — R,

Ent,(g) £ E,[¢° log g°] — Eu[g%] log E.[¢%] < %EV[I\VQIIQ]- ®3)

EX 5 (Poincaré inequality)
Ui Ea Poincaré inequality, MNRITFHBEHg:R" - R, B

Var,(g) £ B,lg?] ~ Eolgf* < 2B, (| Vgl )

2Bakry D, Gentil I, Ledoux M. Analysis and geometry of Markov diffusion operators[M]. Cham: Springer,
2014.
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KLELE

EX 6 (KLALE)
pXFTFrEIKLBUEE XA

p(z)

KL(ullv) = Hy (1) = /Rn () log ()

(5)

il 2 (Pinsker's inequality)

il 3 (Talagrand inequality)
EUit

VidifEa Log-Sobolev inequality

SWa (i, v)? < H ().

Pinsker’s inequalityFlTalagrand inequalityifi FAKLEIE R— MEM ERMESEE, &

fiTbound KLEIE BSRBEMBLAE TV EEEME .
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KLEZE +LSITNLangevin DynamicsH$8 #Ua & E

TIE 3
Ev:=e f#HRBa LS, B4 Langevin Dynamics
dX, = —=VV(X,)dt + V2dW,

E"]ﬁ'#ﬁut;ﬁﬂ
Hy(pe) < e Hy (o).

H—BH, Wa(ue,v) < \/2H,(uo)e "
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Langevin 3% RBTSTHE 534

Proof sketch3

TE M 7 (Fisher information)
w3t F v Fisher informationE X .73

20 = [ uta)

5 r dz. (6)

’Vlog ()

%g° = £, Log-Sobolev inequality A] LA {3 B KL#{E FFisher informationf30 T~ X % :
Ho(1) < 5 u(n)
v = 9 v )

3Vempala S, Wibisono A. Rapid convergence of the unadjusted langevin algorithm: lIsoperimetry suffices[J].
Advances in neural information processing systems, 2019, 32.
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Langevin B3R BBTSUE 547

Proof sketch

513 1

ﬁ*ﬁlfbtiﬁﬁ: d
aHu(Mt) = —Ju(pt)- (7)

FIF Langevin Dynamicst Fokker-Planck73%2: Owpe = V- (1 V'V (2)) + Ape HE A5,

HHLog-Sobolev inequality,

Hy(p) < 5=Ju(p)-

1
2a

d
oy (k) < —2aH, (pe)

Hy(pe) < e ** H,(po).
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KLELE +LSITFLMCHI3E Bl st

EIE 4

Fv:=c ViKRa LSI FBE L-smooth#(—LI < V*V(x) < LI forallz € R"), 4
T EBz0 ~ poiBEH, (10) < 00, HHK0 <n < S5HIULA

Tet1 = xx — nVV (zk) + /2n2k

B fxs, ~ pk B e

Ca 8nnL?
Hy(uk) < e " Hy (po) + nZ :

Fitt, SHEBMES >0, AT H, (1) < 6, LMCEEHRHKn < 2 min{1, 2}, 3
B&idk > L log 2ol ik,

“Vempala S, Wibisono A. Rapid convergence of the unadjusted langevin algorithm: Isoperimetry suffices[J].
Advances in neural information processing systems, 2019, 32.
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Langevin 3% RBTSTHE 534

Proof sketch

BE—PLMCGERBF

5|3 2

E
7

28

= e ViEBa Log-Sobolev inequality B L-smooth, $140 < n < Vel E2[i

LMG# B

Hy (1) < e “"H, () + 6n°nL>.

421

Ju(pe) + H, (o) + 2t°nL® + 2tn L.

| o

d

%, < _

dt (1e) <
EHLog-Sobolev inequality

42
t H,(po) + 262n L3 + 2tnL>.

dt
t = 0%t = niR%y, EIBW{F5IE2.
BKUBDERNF

d 3
*Hu(ljzt) S _gHV(Nt) +
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RényigflE +PI T~ Langevin DynamicsH9$8 #Ua &1t

EX 8 (RényitfFE)
FFq >0, ¢ # 1, BMESTHuITTFrEIgM RényiBiE E X A :

1
Rq(p) == -1 log Fo,u (1), (8)

Frt =5 ((2)] - f ot - [ o

Rényig{lE SKIETF Rényifl: H, () := ﬁ log [ p(z)9dz.

Hep

5

ik

v := e fi#RBa Poincaré inequality, q > 2, HB4Langevin Dynamicst 5y % 13w 2 :

o

Ry — 2ot ifRqu > 1 and as long as Ry, > 1,
Ry (10) < _QQ:U’O) p fRqw(po) > g aw(pe) 2
e ¢« Rq,’/(/'LO) 7:f}%q,u(,UJO) <L

v
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RényiBilE +PI TR LMCRY$E B it

T 6

v, RS Poincaré inequality, ¢ > 1, v:=e¢ V& L-smoothil,
B1< Ry, un(uo) <00, BO<y< min{i, %}, q>1, Baxt
:.Fk‘ > ko B'ﬂ (qu vy (/Lo) ), LMC/%E

1
g— 1\ _snti-ry
Ronm) < (122 ) 55 4 Bapr o).

qg—1
SHEEHEES > 0, AT Ry (k) <6, LMCEEHR S0 = 6 (min {L,v24-1 (£)}).
S5k, (6) = sup(n > 0: Ry.u(vy) < 3}, AR = © (2 (Rag, (o) + log }) ) R

o
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Score-Matching Langevin Dynamics (SMLD)
B3

© Score-Matching Langevin Dynamics (SMLD)
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Score-Matching Langevin Dynamics (SMLD)

SMLD

Recall that Langevin dynamics
dX, = —VV(X,)dt + V2dB,
BEFTME < eV, BRMNFER#paara, AR
dX; = V10g paata(X:)dt + v/2dB;.

H AV log pFR JaHE R 43 T pBiScore function.

WMRpgara B, BAFLUERITEScore, RAMEMIESH, RINFENBESEF
>]Score V log paata, 1BITIREEMLEILIN

min B[|[V log paara(X) — s0(X)|3]

Hrbsg AS B ROMHE ML
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Score-Matching Langevin Dynamics (SMLD)

Score Matching

o Score matching®

ExXpiara IV 108 Pdata(X) = so(X)|[3

= E ||V 10g paata (XI5 —2E (s6(X), V10g paata(X)) + E [[s6(X)]I3 -

Goms vt gt o 0
TTEE I
“E {s5(X), V108 puata(X)) = — / (s6(2), V108 Puata(®))Paata (z)dz
- / V - 50(2)paata(z)dz = BV - so(X),
AR LT A

mMinEx~pg,e, [ls0 (XI5 +2V - s6(X)] -

SHyvirinen A, Dayan P. Estimation of non-normalized statistical models by score matching[J]. Journal of
Machine Learning Research, 2005, 6(4).
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Score-Matching Langevin Dynamics (SMLD)

Denoising score matching

SERRINZRAREZ LR AL 2 36 KRG R 3 -
N

Z llso(z:)||3 + 2V - so(zs)] -

RTSHEBHAT BBV - so(x:) LLBEME, & [&iBidDenoising score matchingi## 525
EritE.

o Denoising score matching®
EEMENE =z + 02, Hoz ~ N(0,1), Denoising score matchingBI B 45 A

mgnEqa(ﬂx)pdam(x)[HSO(@ — Viloggo (% | 2)|l3].

RAILUERRse- (&) = Vi log g0 () LRI, EH g, (2) £ [ 4o (F | 2)paata(x)da.

5Yang Song and Stefano Ermon. Generative modeling by estimating gradients of the data distribution. In

Advances in Neural Information Processing Systems, pp. 11895-11907, 2019.
"Vincent P. A connection between score matching and denoising autoencoders[J]. Neural computation,
2011, 23(7): 1661-1674.
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Score-Matching Langevin Dynamics (SMLD)

Denoising score matching

BERRABHECERDEHE, &
se+ (%) = Vi log qo (%) = V, log pdata(T)
BRqe (2| z) ~ N(z, o’ ) REHEHNETHE L+5EX
- 1
Vslogqo(Z | )= Vzlog m exp { 552
=Vsz {—M — log(V 27r02)d}

202
T—x

o2

Denoising score matching It ial @ EN

~ 2
r—x

min E
0

59(:%,0) —+

T~Pdata E~N(z,021) o2
2

_llz—=|?
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Score-Matching Langevin Dynamics (SMLD)

Noise Conditional Score Networks

(9)FBHIBIIEMEIRR 5o (2, 0)FR S Noise Conditional Score Networks, HHFRH
TEotbB/NEIRHE, B
Sp* (:17, 0’) ~ Vg Ingdata(x)

£ 8%t — time schedule, {180 — 0.

Algorithm 1 Annealed Langevin dynamics.

Require: {o;}% e T.
I: Initialize xo
2: fori«+ 1to L do
3 a; +—¢€-oljo? > a; is the step size.
4 fort +— 1toT do
5: Draw z; ~ N (0, )
6 Xy (75{371+%58(5(171,Uz)+\@z!
7 end for
8 Xg — X7
9: end for

return xo
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Score-Matching Langevin Dynamics (SMLD)

Thanks & Questions
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